Abstract Purpose of this paper is to study generalized quantum chromodynamics ghost dark energy (GDE) in the frame work of Horava-Lifshitz cosmology. Considering interacting and non-interacting scenario of GDE with dark matter in a spatially non-flat universe, we investigate the cosmological implications of this model in detail. We obtain equation of state parameter, deceleration parameter and the evolution of dark energy density to explain the expansion of the universe. Also, we show that the results we calculate have a good compatibility with previous work and restore it in limiting case. Further, we investigate validity of generalized second law of thermodynamics in this scenario. Finally, we find out a cosmological application of our work by evaluating a relation for the equation of state of dark energy for law redshifts.
Introduction
The discovery that universe is in an accelerating expansion phase is one of the most remarkable advancement in modern cosmology. Several cosmological observations clearly indicate that the present day universe is experiencing a phase of accelerated expansion [1] [2] [3] [4] . This current accelerating expansion of the universe is dominated by an unknown energy termed as dark energy with negative pressure. Numerous models have been proposed to understand the dark energy phenomena and evolution of the universe. Comprehensive reviews of these models have been widely reported [5, 6] . However, nature and cosmological origin of dark energy still remain enigmatic at present.
In most of recent dark energy models, normally we need to consider a new degree of freedom or a new parameter, to explain the cosmic acceleration of Universe. However, our prior choice to handle the dark energy problem without introducing new degrees of freedom beyond what are already known. An interesting and successful attempt, in this direction is the so called ''ghost dark energy'' (GDE), which has been motivated from Veneziano ghost of chromodynamics. The Veneziano ghost field was proposed to resolve the Uð1Þ problem in quantum chromodynamics (QCD) [7] [8] [9] . It is well known that QCD ghost fields have positive and negative norms and cancel with each other, leaving no trace in the physical subspace, but it was argued that they have small contribution to the vacuum energy in the curved space or time-dependent background [10] . The ghost field has no contribution in the vacuum energy in Minkowski space-time but it has a non-vanishing contribution to the vacuum energy, in a dynamical background such as our universe, is proportional to KQCD 3 H, where H is Hubble parameter and KQCD 3 is QCD mass scale [10] . Taking into account the fact that KQCD $ 100 MeV and H $ 10 À33 eV for present time, this gives the right order of magnitude qD $ ð3 Â 10 À3 eVÞ 4 for the ghost energy density [10] . Thus GDE model can solve the fine tuning problem [10] [11] [12] . Energy density of ghost dark energy reads as [10] [11] [12] qD ¼ aH;
where H is Hubble parameter H ¼ Author of Ref. [13] discussed that the contribution of the Veneziano QCD ghost field to the vacuum energy is not exactly of order H and a sub-leading term H 2 appears due to the fact that the vacuum expectation value of the energy-momentum tensor is conserved in isolation [14] . It was argued that the vacuum energy of the ghost field can be written as H þ OðH 2 Þ, where the sub-leading term H 2 in the GDE model might play a crucial role in the early stage of the universe evolution, acting as the early DE [15] . It was shown [15, 16] that taking the second term into account can give better agreement with observational data compared to the usual GDE. The density of this generalized ghost dark energy (GGDE) reads [15] 
with b another constant parameter of the model with [energy] 2 . The cosmological implications of GDE model in a flat universe were considered in [17] . The generalization to the non-flat Friedmann-Robertson-Walker (FRW) universe and its consistency check with recent observational data were studied in [18] . The GDE model in the framework of Brans-Dicke cosmology and its stability against perturbations were also investigated in [19, 20] . The correspondence between this model and scalar field models of dark energy has been widely extended by many authors in the recent years [21] . Furthermore GDE has been studied and extended in the frame work of modified gravity [22, 23] .
It is a well-known fact that the biggest challenge towards a theory of quantum gravity is the question of renormalizability whose lack, in effect, would imply loss of theoretical control and predictability at high energies. General relativity although performs fairly well at the solar system scale but fails at the cosmic scales at which it is unable to explain the origin of dark energy or presents accelerated cosmic acceleration properly. Therefore the classical generalization of general relativity is considered as the gravitational alternative for a unified description of the early-time inflation with late-time cosmic acceleration. Thus, to study the structure and cosmological properties of modified theories, the cosmological reconstruction of different modified gravities is provided in detail. In other words, the modified gravity, which represents a classical generalization of general relativity, becomes reasonable alternative. Scalar tensor theories are also modified theories of gravity. Lifshitz and Eksp [24] introduced a scalar theory in which the temporal dimension has weight equal to three if the space dimension has weight equal to one. Recently Horava [25] [26] [27] [28] proposed a new quantizable theory of gravity, using the ideas from solid state physics, which is similar to Lifshitz theory, thus this theory is called Horava-Lifshitz gravity theory. This is a power-counting renormalizable theory with consistent ultraviolet (UV) behavior and the theory has one fixed point in the infrared limit (IR), namely general relativity [25] [26] [27] [28] . Thus, this theory leads to a modification of the Einstein's general relativity at high energies producing interesting features in cosmology. Furthermore Horava-Lifshitz gravity has been studied and extended in detail [29] [30] [31] [32] [33] [34] [35] [36] and applied as a cosmological frame work of the universe [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . Recently, different dark energy models have been studied in the framework of Horava-Lifshitz cosmology using different infrared cut-offs. For comprehensive reviews on the scenario where the cosmological evolution is governed by Horava-Lifshitz cosmology one can go through the references [47] [48] [49] [50] [51] [52] [53] . Moreover, the ghost energy density belongs to a dynamical cosmological constant, therefore we need a dynamical frame to accommodate it instead of general relativity. Also the original GDE is unstable in all range of the parameter spaces in standard [20] . So it is worthwhile to investigate the GGDE model in the framework of the Horava-Lifshitz cosmology.
This paper is organized as follows: in Sect. 2, we discuss briefly some important features of Horava-Lifshitz Cosmology. In Sect. 3, we study GGDE in Horava-Lifshitz cosmology for interacting and non-interacting scenario of dark energy with dark matter. Section 4 is devoted for a cosmological application of our work, where we obtain the equation of state of dark energy at low redshifts. Since, study of thermodynamic properties of ghost dark energy in Horava-Lifshitz cosmology is also an important direction, in Sect. 5, we investigate the validity of generalized second law of thermodynamics. Finally in the final section we summarize our results.
Horava-Lifshitz cosmology
In this section, we briefly review Horava-Lifshitz cosmology. Under the projectability condition, the full metric in the 3 þ 1-dimensional Arnowitt-Deser-Misner formalism is given by
where dynamical variables N and N i are the lapse and shift functions, respectively. The indices are raised and lowered by using the spatial metric g ij . The scaling transformation of the co-ordinates for z ¼ 3 is given by
Decomposing the gravitational action into a kinetic and a potential part, action of Horava-Lifshitz cosmology can be written as
Under the assumption of detailed balance [25] the full action of Horava-Lifshitz gravity is given by
where
are extrinsic curvature and cotton tensor, respectively. Also, g ijk is the totally antisymmetric unit tensor, k is a dimensionless constant and K is a negative constant which is related to the cosmological constant in the IR limit. The variables, j; x and l are constants with mass dimensions À1; 0 and 1, respectively. To include dark matter component in a universe governed by Horava gravity, two options can be considered: one is to introduce a scalar field / with action [54] and the second is add a cosmological stressenergy tensor to the gravitational field equations [55] . Here in our work we follow the second one.
In the cosmological contents, we consider FRW metric,
where, k ¼ À1; 0; þ1 refer to spatially open, flat and closed universe, respectively. Taking the variation of action with respect to the metric components N and g ij , one can obtain the equation of motion as
where H ¼ _ a a is the Hubble parameter. Keeping in mind the Friedmann equations [given by Eqs. (11, 12) ], we can define the energy density qD and pressure density pD of dark energy as
The term proportional to a À4 is the ''dark radiation term'' in Horava-Lifshitz cosmology. Rewriting Friedmann Eqs. (11) and (12), using Eqs. (13) and (14), we have
where Gc represents the Newton's cosmological constant. Additionally, we can define Newton's gravitational constant as
It is interesting that in the IR limit ðk ¼ 1Þ, Gc and G g are the same.
Generalized ghost dark energy in Horava-Lifshitz cosmology
To study generalized ghost dark energy in the frame work of Horava-Lifshitz cosmology, we consider a spatially non-flat FRW Universe containing DE and DM. We define the critical energy density, qcr, and the energy density of the curvature, q k , as
Then the dimensionless density parameter can also be defined as usual
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Using Eqs. (21), (22) and (23), the first Friedmann Eq. (15), can be written as
Non-interacting scenario
In this section, we extend our study to the case where PLECHDE and dark matter are interaction free. In noninteracting scenario the energy conservation laws for spatially non-flat FRW universe are as follows
where wD ¼ pD qD is the equation of state parameter of PLECHDE.
Differentiating Eqs. (2) and (15) with respect to time, we obtain
XD . Combining Eqs. (27) and (28) with continuity Eq. (25), we have
here, it is easy to see that at late time where XD À! 1 (in limiting case X k À! 0), we have wD À! À1, which means that GGDE mimics a cosmological constant. Also if b ¼ 0 or 8pGc 3 À! 0, Eq. (29) restores the EoS parameter of the original GDE model [18] 
On the other hand, for flat universe X k ¼ 0, the equation of state parameter of GGDE in Horava-Lifshitz cosmology is
It is clear from this relation also that if b ¼ 0 or 8pGc 3 À! 0, it restores its respective one in GDE [18] .
Imposing the present observational values X K % 0:73 and X k % 0:02 in Eq. (29), we can see that wD\ À 1 if We can also study the evolution behavior of the GGDE. For this, differentiating Eq. (22) with respect to time and using Eqs. (27) , (28) and relation _ XD ¼ HXD 0 we obtain
Also using Eqs. (24) and (29), we have
Using Eq. (33) in Eq. (32), finally we obtain the expression that describes the evolution behavior of the non-interacting GGDE in the frame work of Horava-Lifshitz cosmology as
For completeness, we find the deceleration parameter 'q' which represents the decelerated or accelerated phase of the expansion of the universe. The positive value of deceleration parameter ðq [ 0Þ indicates the decelerated phase of expansion and the negative value ðq\0Þ represents the accelerated phase of expansion of the universe. Thus using Eq. (28) we obtain the decelerated parameter as
Combining Eqs. (29) and (35), finally we have the decelerated parameter is
Interacting scenario
To be more general, in this section we consider an interaction between both the dark components, the pressure-less dark matter and the ghost dark energy . The recent observational evidence provided by the galaxy clusters also supports the interaction between dark energy and dark matter [56] . In this case, the energy densities of dark energy and dark matter no longer satisfy independent conservation laws. They obey instead
where Q represents the interaction term. Following [57] , we consider the simplest form of Q as
where b 2 is a coupling constant. The positive b 2 is responsible for the transition from dark energy to matter and vice-versa for negative b 2 . Note that the form of Q chosen is purely phenomenological, i.e. to obtain desirable cosmological findings although more general phenomenological interaction terms can be used. Following as above, we obtain expressions for wD and XD 0 as
and
As in the non-interacting case here also if b ¼ 0 or 8pGc 3 À! 0, Eq. (40) restores the EoS parameter of the original GDE model [18] in interacting case. Also for flat universe, where X k ¼ 0, the equation of state parameter of GGDE in interacting case takes the form
Using Eq. (40) in Eq. (35), we obtain the deceleration parameter in interacting case as
Equation of state of generalized ghost dark energy at low redshift
This section is devoted for cosmological applications of our work, using the differential expression that we obtained above, which determine the evolution of dark energy parameter. We will set up the Ghost dark energy equation of state parameter for low redshift at present time. Since we have derived the expression for XD 0 , hence we can calculate xðzÞ for low redshift z. We can measure x as in [58] , due to qD. In this regard, since qD $ 1 a 3ð1þxÞ , we will use Taylor expansion for qD
Here derivatives are taken at present time a 0 ¼ 1, therefore xðln aÞ is
up to second order. Replacing ln a ¼ À lnð1 þ zÞ ¼ Àz, which is valid for small redshifts, we can calculate xðzÞ as
we can find out linear equation of state parameter xðzÞ as
where,
Using Friedmann second Eq. (16), we can find X 0 k and X 00 k from Eq. (23) as
Also from Eq. (34), we have
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Inserting Eqs. (34) and (51) in the expression of x 0 given in Eq. (49), we obtain
Using Eqs. (34), (51), (52) and (53) into Eq. (50), we finally obtain the expression for x 1 as
Equations (54) and (55) together determine the linear equation of state of dark energy for low redshift.
Validity of generalized second law of thermodynamics
In this section, we are going to investigate validity of generalized second law of thermodynamics of a universe bounded apparent horizon and governed by HoravaLifshitz gravity. Bekenstein [59] introduced that, in view of the proportionality relation between entropy of black hole horizon and horizon area, the sum of black hole entropy and the background entropy must be an increasing quantity with time. Also, the thermodynamic interpretation of field equations can be applicable for any horizon, provided that the gravitational theory is diffeomorphism invariant [60] , however, apparent horizon is widely used in the literature in FRW geometry [61] [62] [63] [64] . In the case of Horava-Lifshitz gravity, the breaking of diffeomorphism invariance leaves us the apparent horizon as a reasonable choice, thus here we will use apparent horizon as black hole horizon. The dynamical apparent horizon, a marginally trapped surface with vanishing expansion can be determined by the equality h ij o i RAo j RA ¼ 0. We can find the radius of cosmological apparent horizon as [65] ,
Therefore the evolution of the apparent horizon follows,
The first law of thermodynamics gives
where T; S 1 ; V; E 1 and PD represent temperature, entropy, volume, energy of the matter distribution and pressure of the system, respectively. We consider that temperature of the source inside horizon is in equilibrium with temperature associated with horizon, so starting with volume and energy of the system bounded by apparent horizon as
and using Eqs. (57), (58) and (59), we obtain
To connect the entropy of the horizon to its radius RA in Horava-Lifshitz cosmology, we consider the expression as in [66] 
Differentiating Eq. (61), we have
Also, temperature of the horizon is related to its radius for spherical geometry [60] , and we have,
In view of the above equations, we can find the rate of change of total entropy as
From the above equation, it is difficult to give definite conclusion regarding validity of the generalized second law of thermodynamics, but if generalized ghost dark energy is not of phantom nature then the second law of thermodynamics is valid in the generalized ghost dark energy model if ð8pRA 3 q m þ 1 À 2pRAÞ [ 0.
Conclusion
In this paper, we have investigated the GGDE scenario in the frame work of Horava-Lifshitz cosmology. Since GDE density corresponds to a dynamical cosmological constant, we need a dynamical framework, instead of general relativity, to consistently accommodate it. There fore we investigate the GDE in the framework of Horava-Lifshitz cosmology. Experimental data have implied that our universe is not a perfectly flat universe and it possesses a small positive curvature ðX k $ 0:02Þ [47] , so here we consider a non-flat FRW universe. We have extracted the exact differential equations that derive evolution of the dark energy parameter, which gives a suitable estimate for the state parameter of dark energy as well as the deceleration parameter to study an expansion of the universe for both interacting and non-interacting case. We have obtained that GGDE model in Horava-Lifshitz cosmology replicates the role of Phantom dark energy model at present time if . Furthermore, we have established that our work has a good compatibility with previous works and restores it in limiting cases. It is also interesting to see that we have found out a cosmological application of our work by evaluating a relation for the equation of state of dark energy for low redshifts. Moreover, we have obtained that generalized second law of thermodynamics valid in case of non-phantom nature of generalized ghost dark energy, but in general we can not give a definite conclusion regarding validity of generalized second law.
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